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The concept of balancing numbers came into existence after an
article [1] by Behera and Panda wherein, they defined a balanc-
ing number n as solution of the Diophantine equation
1þ 2þ    þ ðn 1Þ ¼ ðnþ 1Þ þ ðnþ 2Þ þ    þ ðnþ rÞ, call-
ing r as the balancer corresponding to n. First few balancing
numbers are 1; 6; 35; 204 and 1189 with balancers 0; 2; 14; 84
and 492 respectively. The sequence of balancing numbers has
been studied extensively and generalized in many ways
[2–7,9–11,13,16]. In [8], Liptai et al. generalized the concept
of balancing numbers in the following way. For y; k; l be fixed
positive integers with yP 4, a positive integer x with x 6 y 2
is called a ðk; lÞ-power numerical center for y if
1k þ    þ ðx 1Þk ¼ ðxþ 1Þl þ    þ ðy 1Þl. Several effective
and ineffective finiteness results were also proved forðk; lÞ-power numerical centers in [8]. In [16], Szaka´a´cs has
studied a further generalization of balancing numbers namely
multiplying balancing numbers defined in the following way:
A positive integer n is called a multiplying balancing number
if 1  2; . . . ; ðn 1Þ ¼ ðnþ 1Þðnþ 2Þ; . . . ; ðnþ rÞ, for some
positive integer r which is called as multiplying balancer
corresponding to the multiplying balancing number n. He
proved that the only multiplying balancing number is n ¼ 7
with the multiplying balancer r ¼ 3. As a generalization of
the notion of a balancing number in [3], Be´rczes et al. called
a binary recurrence R ¼ RðA;B;R0;R1Þ, a balancing sequence
if R1 þ R2 þ . . . þ Rn1 ¼ Rnþ1 þ Rnþ2 þ . . . þ Rnþk, holds for
some kP 1 and nP 2.
The present article is organized as follows. In Section 2, a
generalization of sequence of balancing numbers which we call
as k-balancing sequence fBk;ng1n¼0 depending on one real
parameter k, is considered and some of their properties are
investigated. In Section 3, the balancing polynomials that are
the natural extension of k-balancing numbers are introduced
and many of their properties are established. The derivatives
of these polynomials in the form of convolution of balancing
polynomials are presented in Section 4. As an application of
balancing polynomials, a balancing based coding method is
also developed in the final section.
2 P.K. Ray2. k-Balancing numbers and their properties
Polynomials and balancing numbers are well related. In [14],
Ray has applied Chebyshev polynomials in factorization of
balancing and Lucas-balancing numbers. In [10], O¨zkoc has
introduced k-balancing numbers and presented some relations
in terms of these numbers. These relations generalized some
well known results concerning the relation between the
determinant and Chebyshev polynomials, which is due to
the BnðkÞ.
The following definition of k-balancing numbers is given in
[10].
Definition 2.1. For any positive number k, the k-balancing
numbers, denoted by fBk;ng1n¼0 defined recursively byBk;nþ1 ¼ 6kBk;n  Bk;n1 n  1; ð1Þ
with the initials Bk;0 ¼ 0 and Bk;1 ¼ 1.
First few k-balancing numbers are
Bk;0 ¼ 0; Bk;1 ¼ 1; Bk;2 ¼ 6k; Bk;3 ¼ 36k2  1
Bk;4 ¼ 216k3  12k; Bk;5 ¼ 1296k4  108k2 þ 1 and so on:
Notice that, k ¼ 1 in (1) gives the sequence of balancing
numbers. Also observe that, (1) is a second order difference
equation with auxiliary equation a2 ¼ 6ka 1, whose roots
are a1 ¼ 3kþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9k2  1
p
; a2 ¼ 3k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9k2  1
p
. Clearly,
a1 þ a2 ¼ 6k; a1a2 ¼ 1; a1  a2 ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9k2  1
p
: ð2Þ
The following results are some important identities for k-
balancing numbers.
Lemma 2.2. For any integer nP 1; anþ21 ¼ 6kanþ11  an1 and
anþ22 ¼ 6kanþ12  an2.Proof. As a1 and a2 are roots of the equation a2 ¼ 6ka 1,
a21 ¼ 6ka1  1 and a22 ¼ 6ka2  1. The desired results are
obtained by multiplying an1 and a
n
2 to both the equations
respectively. h
Lemma 2.3 (Binet’s formula). The closed form nth k-balancing
number is Bk;n ¼ a
n
1
an
2
a1a2, where a1 ¼ 3kþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9k2  1
p
; a2 ¼ 3kﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9k2  1
p
.
Proof. By method of induction, clearly the result is true for
n ¼ 0 and n ¼ 1. Assume that it is true for all i such that
0 6 i 6 mþ 1 for some positive integer m. Now by (1), we
obtain
Bk;mþ2 ¼ 6kBk;mþ1  Bk;m ¼ 6k a
mþ1
1  amþ12
a1  a2 
am1  am2
a1  a2
¼ a
m
1 6ka1  1½   am2 6ka2  1½ 
a1  a2 ¼
amþ21  amþ22
a1  a2 ;
which ends the proof. hPlease cite this article in press as: Ray PK, On the properties of k-balancing numbeLemma 2.4. Let
n
i
 
denote the usual notation for combina-
tion. Then for any integer nP 0;
Pn
i¼0ð1Þnþi
n
i
 
6ikiBk;i ¼
Bk;2n.
Proof. By virtue of the Binet’s formula,
Xn
i¼0
ð1Þnþi
n
i
 !
6ikiBk;i ¼
Xn
i¼0
ð1Þnþi
n
i
 !
6iki
ai1  ai2
a1  a2
 
¼ 1
a1  a2
Xn
i¼0
ð1Þnþi
n
i
 !
ð6ka1Þi 
Xn
i¼0
ð1Þnþi
n
i
 !
ð6ka2Þi
" #
¼ 1
a1  a2 ð6kr1  1Þ
n  ð6kr2  1Þn½  ¼ a
2n
1  a2n2
a1  a2 ¼ Bk;2n;
which completes the proof. h
The proof of the following results is omitted as they can be
easily shown by Binet’s formula.
Proposition 2.5. For nP 1;Bk;n ¼ Bk;n.Proposition 2.6.
Pn
i¼0Bk;iþj ¼  118k 3ðBk;nþjBk;nþjþ1Þ þ Bk;j þ

Bk;j1.
Lemma 2.7. For natural numbers p; q; r, the following identities
are valid.
(a) Bk;pþq1 ¼ Bk;pBk;q  Bk;p1Bk;q1
(b) Bk;pþq2 ¼ 16k Bk;pBk;q  Bk;p2Bk;q2
 
(c) Bk;pþqþr3¼ 16k Bk;pBk;qBk;r6kBk;p1Bk;q1Bk;r1þBk;p2Bk;q2Bk;r2
 
Proof. Proof of (a) is easy by Binet’s formula. Now, inserting
(1) in (a),
Bk;pþq2 ¼ Bk;pBk;q1  Bk;p1Bk;q2
¼ Bk;p Bk;q þ Bk;q2
6k
 
 Bk;q2 Bk;p þ Bk;p2
6k
 
¼ 1
6k
Bk;pBk;q  Bk;p2Bk;q2
 
;
which completes the proof of (b). Proof of (c) is analogous to
(b). h
Lemma 2.8. For any integer nP 1; an1 ¼ a1Bk;n  Bk;n1; an2 ¼
a2Bk;n  Bk;n1.
Proof. Using (2), we get
a21 ¼ 6ka1  1 ¼ a1Bk;2  Bk;1;
a31 ¼ 6ka21  a1 ¼ ð36k2  1Þa1  6k ¼ a1Bk;3  Bk;2:
Consequently, an1 ¼ a1Bk;n  Bk;n1. The second identity can be
proved analogously. hrs, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.01.014
The properties of k-balancing numbers 32.1. Divisibility properties for k-balancing numbers
In [12], Panda has investigated some divisibility properties of
balancing numbers. Later, Ray, in [15], has established some
important identities concerning divisibility with the help of cer-
tain congruence relations. In this section, some divisibility
properties for k-balancing numbers are investigated.
It is well known that the consecutive balancing numbers are
relatively prime. This property holds for k-balancing numbers
too.
Lemma 2.9. Any two consecutive k-balancing numbers are
relatively prime, that is ðBk;n;Bk;n1Þ ¼ 1.
Proof. Consider Bk;n as original dividend and Bk;n1 as original
divisor. Now using Euclidean algorithm, we obtain
Bk;n ¼ 6kBk;n1  Bk;n2
Bk;n1 ¼ 6kBk;n2  Bk;n3
..
.
Bk;3 ¼ 6kBk;2  Bk;1
Bk;2 ¼ 6kBk;1  Bk;0;
it follows that
ðBk;n;Bk;n1Þ ¼ Bk;1 ¼ 1;
which ends the proof. h
Lemma 2.10. For any positive integers n and m;Bk;mjBk;mn.
Proof. Clearly, the result is true for n ¼ 1. Assume that, it is
true for all tP 1, that is, Bk;mjBk;mj, for every j, such that
1 6 j 6 t. By virtue of Lemma 2.7, we obtain
Bk;mðtþ1Þ ¼ Bk;mtþm ¼ Bk;mtBk;mþ1  Bk;mt1Bk;m:
Since Bk;mjBk;mt, by induction hypothesis, it follows that
Bk;mjBk;mðtþ1Þ. This ends the proof. h
Lemma 2.11. For any positive integers n and l;Bk;ln1 and Bk;n
are relatively prime, that is, ðBk;ln1;Bk;nÞ ¼ 1.
Proof. Let d ¼ ðBk;ln1;Bk;nÞ, then clearly djBk;ln1 and djBk;n.
Because Bk;njBk;ln, by Lemma 2.10, djBk;ln. Now, djBk;ln1 and
djBk;ln and as ðBk;ln1;Bk;lnÞ ¼ 1, by division algorithm, dj1
and hence d ¼ 1 and the result follows. h
Lemma 2.12. For positive integers m; n; l; r with
m ¼ lnþ r; ðBk;m;Bk;nÞ ¼ ðBk;n;Bk;rÞ.
Proof. By virtue of Lemmas 2.7 and 2.11, we have
ðBk;m;Bk;nÞ ¼ ðBk;lnþr;Bk;nÞ ¼ ðBk;lnBk;rþ1  Bk;ln1Bk;r;Bk;nÞ
¼ ðBk;ln1Bk;r;Bk;nÞ ¼ ðBk;r;Bk;nÞ;
which completes the proof. h
The next result shows that the greatest common divisor
of any two k-balancing numbers is again a k-balancing
number.Please cite this article in press as: Ray PK, On the properties of k-balancing numbeTheorem 2.13. For positive integers m and
n; ðBk;m;Bk;nÞ ¼ Bk;ðm;nÞ.
Proof. Using Euclidean algorithm, for mP n,we have
m ¼ q0nþ r1; 0 6 r1 < n
n ¼ q1r1 þ r2; 0 6 r2 < r1
..
.
rn2 ¼ qn1rn1 þ rn; 0 6 rn < rn1
rn1 ¼ qnrn þ 0:
By Lemma 2.12, we can write
ðBk;m;Bk;nÞ ¼ ðBk;n;Bk;r1Þ ¼ ðBk;r1 ;Bk;r2Þ ¼    ðBk;rn1 ;Bk;rnÞ:
In view of Lemma 2.10, Bk;rn jBk;rn1 as rnjrn1. Therefore,
ðBk;rn1 ;Bk;rn Þ ¼ Bk;rn . As rn ¼ ðm; nÞ, it follows by Euclidean
algorithm,
ðBk;m;Bk;nÞ ¼ Bk;rn ¼ Bk;ðm;nÞ:
This ends the proof. h
Lemma 2.14. For any two positive integers m and n that are rel-
atively prime, Bk;mBk;njBk;mn.
Proof. Since Bk;mjBk;mn and Bk;njBk;mn, by Lemma 2.10,
ðBk;m;Bk;nÞjBk;mn. Indeed, ðBk;m;Bk;nÞ ¼ Bk;ðm;nÞ ¼ Bk;1 ¼ 1.
Therefore, ðBk;m;Bk;nÞ ¼ Bk;mBk;n and the result follows. h
Generating functions are one of the most surprising and
useful inventions in Mathematics. Roughly speaking, generat-
ing functions transforms problems about sequences into prob-
lems about functions. Sometimes we can find nice generating
functions for more complicated sequences. For example, a gen-
erating function for the sequence of Fibonacci numbers is
x
1xx2. Similarly the generating functions for Pell numbers
and Lucas–Pell numbers are respectively x
12xx2 and
1x
12xx2.
The generating function for the sequence of balancing numbers
is x
16xþx2 [11]. Binet formula is an useful tool to derive the gen-
erating functions for these sequences and also for the k-
balancing numbers.
Lemma 2.15. The generating function of k-balancing numbers is
given by
P1
r¼0Bk;nS
n ¼ S
16kSS2.3. Balancing polynomials
In this section, we introduce balancing polynomials which are
nothing but the natural extension of k-balancing numbers and
discuss some of their properties.
Definition 3.1. If k is a real variable x in (1), then Bk;n ¼ Bx;n
and they correspond to balancing polynomials which are
defined as follows:
Bnþ1ðxÞ ¼
1; if n ¼ 0;
6x; if n ¼ 1;
6xBnðxÞ  Bn1ðxÞ if n > 1:
8><
>: ð3Þrs, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.01.014
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B0ðxÞ ¼ 0; B1ðxÞ ¼ 1; B2ðxÞ ¼ 6x; B3ðxÞ ¼ 36x2  1
B4ðxÞ ¼ 216x3  12x; B5ðxÞ ¼ 1296x4  108x2 þ 1:
Initially, we observe that the coefficients and powers of these
polynomials seem to give no indication how these polynomials
relate to the balancing numbers sequence. However for
x ¼ 1;Bið1Þ ¼ Bi for each i.
The limit ratio for the sequence of balancing numbers is
found in [11]. We present a similar result concerning balancing
polynomials.
Theorem 3.2. If BnðxÞ denotes the nth balancing polynomial,
then limn!1
Bnþ1ðxÞ
BnðxÞ ¼ 3xþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9x2  1
p
.
Proof. Let limn!1
Bnþ1ðxÞ
BnðxÞ ¼ kðxÞ. As n!1 and by (3), we
obtain
kðxÞ ¼ lim
n!1
Bnþ1ðxÞ
BnðxÞ ¼ limn!1
6xBnðxÞ  Bn1ðxÞ
BnðxÞ
 
¼ 6x 1
lim
n!1
BnðxÞ
Bn1ðxÞ
¼ 6x 1
kðxÞ :
It follows that k2ðxÞ  6xkðxÞ þ 1 ¼ 0. The first root of this
equation is kðxÞ ¼ 3xþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9x2  1
p
, for which the result
follows. h
Notice that, the second root of k2ðxÞ  6xkðxÞ þ 1 ¼ 0;
k2ðxÞ ¼ 3x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9x2  1p is the conjugate root of k2  6x þ
1 ¼ 0. Further, for x ¼ 1; k1ð1Þ ¼ 3þ
ﬃﬃﬃ
8
p
is the balancing
constant and its conjugate is k2ð1Þ ¼ 3
ﬃﬃﬃ
8
p
for the balancing
numbers.
The following result is the closed form of balancing polyno-
mials which we call as Binet formula for balancing
polynomials.
Theorem 3.3. If BnðxÞ is the nth balancing polynomial,
BnðxÞ ¼ k
nðxÞknðxÞ
kðxÞk1ðxÞ , where kðxÞ ¼ 3xþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9x2  1
p
.
Proof. Method of induction will be used to prove this result.
Clearly the result holds for n ¼ 0. Assume that it holds for
some k 6 n. Using (3),
Bkþ1ðxÞ ¼ 6xBkðxÞ  Bk1ðxÞ
¼ 6x k
kðxÞ  kkðxÞ
kðxÞ  k1ðxÞ
 
 k
k1ðxÞ  kkþ1ðxÞ
kðxÞ  k1ðxÞ
¼ k
k1ðxÞ 6xkðxÞ  1½   kkþ1ðxÞ 6xk1ðxÞ  1 
kðxÞ  k1ðxÞ
¼ k
k1ðxÞk2ðxÞ  kkþ1ðxÞk2ðxÞ
kðxÞ  k1ðxÞ
¼ k
kþ1ðxÞ  kðkþ1ÞðxÞ
kðxÞ  k1ðxÞ ;
and the result follows. h
The following result can be easily deduced by method of
induction.Please cite this article in press as: Ray PK, On the properties of k-balancing numbeProposition 3.4. The general term of balancing polynomials for
nP 0 isBnþ1ðxÞ ¼
Xbn2c
i¼0
ð1Þi n i
i
 
ð6xÞn2i: ð4Þ
By iterating recurrence relation for balancing polynomials,
the following result can be easily deduced.
Proposition 3.5. For 1 6 r 6 n 1,Bnþ1ðxÞ ¼ BrðxÞBnðr2ÞðxÞ  Br1ðxÞBnðr1ÞðxÞ: ð5Þ
Now for any integers m and n, replacing n r 2 by n and
r by mþ 1 in (5), we have the following result.
Proposition 3.6. For any integers m and n,BmþnðxÞ ¼ Bmþ1ðxÞBnðxÞ  BmðxÞBn1ðxÞ: ð6Þ
In particular, for m ¼ n 1 in (6), an expression
B2n1ðxÞ ¼ B2nðxÞ  B2n1ðxÞ, for the polynomial of even degree
is obtained. Again, for m ¼ n in (6), B2nðxÞ ¼ BnðxÞ
Bnþ1ðxÞ  Bn1ðxÞ½ . Equivalently,
B2nðxÞ ¼
B2nþ1ðxÞ  B2n1ðxÞ
6x
:
Above argument may be applied for m ¼ 2n; 3n; . . . from
which it is deduced that the r  n order balancing polynomial
is a multiple of the n order polynomial. Therefore,
ðBmðxÞ;BnðxÞÞ ¼ Bðm;nÞðxÞ.
The mathematical identity that connects three adjacent bal-
ancing numbers is well known under the name Cassini formula
which is given by the identity B2n  Bnþ1Bn ¼ 1 [2]. This for-
mula is used to establish many important identities involving
balancing numbers and their related sequences.
The following result is useful to find the Cassini formula for
balancing polynomials.
Proposition 3.7. For integers n; r with n > r, we haveBnrðxÞBnþrðxÞ  B2nðxÞ ¼ B2r ðxÞ: ð7Þ
Proof. Using Binet’s formula for balancing polynomials, we
obtain
BnrðxÞBnþrðxÞB2nðxÞ¼
knrðxÞknþrðxÞ
kðxÞk1ðxÞ 
knþrðxÞknrðxÞ
kðxÞk1ðxÞ
 k
nðxÞknðxÞ
kðxÞk1ðxÞ
 2
¼ k
2nðxÞk2rðxÞk2rðxÞk2nðxÞ
ðkðxÞk1ðxÞÞ2
k
2nðxÞ2þk2nðxÞ
k2nðxÞ
¼k
2rðxÞþk2rðxÞ2
ðkðxÞk1ðxÞÞ2
¼ k
rðxÞkrðxÞ
kðxÞk1ðxÞ
 2
¼B2r ðxÞ:
This completes the proof. hrs, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.01.014
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identity (7).
Remark 3.8. For r ¼ 1 in (7), B2nðxÞ  Bn1ðxÞBnþ1ðxÞ ¼ 1,
which we call as Cassini formula for balancing polynomials.
Remark 3.9. Replacing n by 4n and r by 2n in (7), we get
B2nðxÞ B2nðxÞ þ B6nðxÞ½  ¼ B24nðxÞ, and therefore the left hand
side is a perfect square. Again replacing n by 2nþ r gives the
result B2nðxÞB2nþ2rðxÞ þ B2r ðxÞ ¼ B22nþrðxÞ, which implies that
the left hand side is also a perfect square.
At the end of the section, we establish an important product
formula for balancing polynomials.
Theorem 3.10. Let BnðxÞ denotes the nth balancing polynomial,
then
BnðxÞ ¼
Y
16k6n1
6x 2 cos kp
n
 
: ð8Þ
Proof. In the classification of any polynomial, it is required to
consider the degree and the zeros of the polynomial. It is
observed that, the degree of BnðxÞ is n 1; nP 1. In order
to find a formula for the zeros of the nth polynomial, using
the Binet’s formula one has to express BnðxÞ in terms of
hyperbolic function. To express kðxÞ ¼ 3xþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9x2  1
p
and
k1ðxÞ ¼ 3x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9x2  1
p
in terms of exponentials, we set 3x
as cosh z so that
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9x2  1
p
becomes sinh z. Therefore, kðxÞ ¼
cosh zþ sinh z ¼ ez and k1ðxÞ ¼ cosh z sinh z ¼ ez. Thus,
BnðxÞ ¼ enzenze zez ¼ sinhðnzÞsinh z . Now, BnðxÞ ¼ 0 only when
sinhðnzÞ ¼ 0 but sinh z– 0. Letting z ¼ uþ iv where
i ¼ ﬃﬃﬃﬃﬃﬃ1p , we get
sinhðnzÞ ¼ 0 () e2nz ¼ 1 () e2nue2niv
¼ 1 () e2nuðcos 2nvþ i sin 2nvÞ ¼ 1:
The real part comparison gives u ¼ 0 and therefore the prob-
lem can be solved as
sinhðinvÞ ¼ i sin nv ¼ 0 () nv ¼ kp () v ¼ kp
n
() z
¼ i kp
n
:
It follows that,
3x ¼ cosh z ¼ cosh i kp
n
 
¼ cos kp
n
 
; 1 6 k 6 ðn 1Þ:
Here the number of zeros of the polynomial is the range of k.
For example, let the zeros of one of the balancing polynomial
say B4ðxÞ ¼ 216x3  12x. We get, for 0 6 k 6 3,
3x ¼ cosðp
4
Þ; cosðp
2
Þ; cosð3p
4
Þ and therefore x ¼ 1
3
ﬃﬃ
2
p ; 0; 1
3
ﬃﬃ
2
p . Finally
this leads to the required expression (8). h
Notice that, The expression (8) gives an alternative expres-
sion for Bn when x ¼ 1. For example,
B3 ¼
Y
16k62
6 2 cos kp
3
¼ 6 2  1
2
 
6þ 2  1
2
 
¼ 35:Please cite this article in press as: Ray PK, On the properties of k-balancing numbe4. Derivatives of balancing polynomials
In this section, we study the polynomial sequences obtained by
differentiating the balancing polynomials. Several properties
of these sequences are established and some interesting rela-
tions between the balancing polynomials and their derivatives
are also shown.
4.1. Polynomials obtained by differentiating the balancing
polynomials
Differentiating the first few balancing polynomials with respect
to x, we get
B01ðxÞ ¼ 0;B02ðxÞ ¼ 6;B03ðxÞ ¼ 72x
B04ðxÞ ¼ 648x2  12;B05ðxÞ ¼ 5184x3  216x:
Differentiating again with respect to x, we obtain
B001ðxÞ ¼ 0;B002ðxÞ ¼ 0;B003ðxÞ ¼ 72
B004ðxÞ ¼ 1296xB005ðxÞ ¼ 15552x2  216:
By simple substitution of integers in variable x of the balancing
polynomials, we can generate different numerical sequences.
For example, for first derivative, we get
fB0nð1Þg ¼ f0; 6; 72; 636; 4968; . . .g
fB0nð2Þg ¼ f0; 6; 144; 2580; 41040; . . .g
fB0nð3Þg ¼ f0; 6; 216; 5820; 139320; . . .g
fB0nð4Þg ¼ f0; 6; 288; 10356; 323612; . . .g:
While for the second derivative, we get
fB00nð1Þg ¼ f0; 0; 72; 1296; 15336; . . .g
fB00nð2Þg ¼ f0; 0; 72; 2592; 61992; . . .g
fB00nð3Þg ¼ f0; 0; 72; 3888; 139752; . . .g
fB00nð4Þg ¼ f0; 0; 72; 5184; 248832; . . .g:
The following result shows the asymptotic behavior of the
quotient of consecutive terms of balancing polynomials.
Proposition 4.1. Let kðxÞ ¼ 3xþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9x2  1
p
, then
lim
n!1
Bnþ1ðxÞ
BnðxÞ ¼ limn!1
B0nþ1ðxÞ
B0nðxÞ
¼ lim
n!1
B00nþ1ðxÞ
B00nðxÞ
¼ . . . ¼ kðxÞ:4.2. Some relations between the balancing polynomials and their
derivatives
Theorem 4.2. If B0nðxÞ denotes the derivative of nth balancing
polynomial BnðxÞ, then
B0nðxÞ ¼
3nBnþ1ðxÞ  18xBnðxÞ  3nBn1ðxÞ
2ð9x2  1Þ : ð9Þ
Proof. As kðxÞ ¼ 3xþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9x2  1
p
, its derivative,
k0ðxÞ ¼ 6kðxÞ
kðxÞk1ðxÞ and 1þ k
2ðxÞ ¼ 6xkðxÞ. Using Binet’s formula
for balancing polynomials,rs, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.01.014
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nkn1ðxÞ þ nkn1ðxÞ
kðxÞ  k1ðxÞ k
0ðxÞ
 k
nðxÞ  knðxÞ
kðxÞ  k1ðxÞ 2 1þ k2ðxÞ
 
¼ 6n k
nðxÞ þ knðxÞ
kðxÞ  k1ðxÞ 2 
knðxÞ  knðxÞ
kðxÞ  k1ðxÞ
36x
kðxÞ  k1ðxÞ 2
¼ 6n k
nðxÞ þ nknðxÞ
kðxÞ  k1ðxÞ 2 
36xBnðxÞ
kðxÞ  k1ðxÞ 2 :
On the other hand,
Bnþ1ðxÞBn1ðxÞ¼ k
nþ1ðxÞkn1ðxÞ
kðxÞk1ðxÞ 
kn1ðxÞknþ1ðxÞ
kðxÞk1ðxÞ
¼ kðxÞ
k2ðxÞ1 k
n1ðxÞ½k2ðxÞ1þkn1ðxÞ½k2ðxÞ1 
¼ knðxÞþknðxÞ:
From where, after some algebraic manipulation, (9) is
obtained. h
Using the recurrence relation for balancing polynomials, (9)
may be re-written as
B0nðxÞ ¼
9ðn 1ÞxBnðxÞ  3nBn1ðxÞ
9x2  1 :
In particular, for x ¼ 1;B0nð1Þ ¼ 9ðn1ÞBn3nBn18 .
Observe that, differentiation of (4) leads to an important
identity for derivative of balancing polynomials as follows.
For nP 1,
B0nþ1ðxÞ ¼
Xbn12 c
i¼0
ð1Þi6n2iðn 2iÞ n i
i
 
xn2i1;
with B01ðxÞ ¼ 0. Similarly, an explicit formula for any deriva-
tive can be obtained. For example, for the second derivative
of balancing polynomials, for nP 2,
B00nþ1ðxÞ ¼
Xbn22 c
i¼0
ð1Þi6n2iðn 2iÞðn 2i 1Þ n i
i
 
xn2i2;
with B001ðxÞ ¼ 0;B002ðxÞ ¼ 0.
The sequence of the derivative of balancing polynomials
may be obtained by self-convolution of the sequence of balanc-
ing polynomials. The following result shows this fact.
Theorem 4.3. For nP 1
B0nðxÞ ¼
Xn1
i¼1
6BiðxÞBniðxÞ; ð10Þ
with B01ðxÞ ¼ 0.
Proof. We use mathematical induction to prove this result.
Since, B02ðxÞ ¼ 6B1ðxÞB1ðxÞ ¼ 6, the result holds for n ¼ 2.
Assume that it is true for every polynomial B0kðxÞ with k 6 n.
Differentiating the recurrence relation for balancing polynomi-
als w.r.t x and using the hypothesis, we getPlease cite this article in press as: Ray PK, On the properties of k-balancing numbeB0nþ1ðxÞ ¼ 6BnðxÞ þ 6xB0nðxÞ  B0n1ðxÞ
¼ 6BnðxÞ þ 6x
Xn1
i¼1
6BiðxÞBniðxÞ 
Xn2
i¼1
6BiðxÞBn1iðxÞ
¼ 6BnðxÞ þ 36xBn1ðxÞB1ðxÞ þ 6x
Xn2
i¼1
6BiðxÞBniðxÞ

Xn2
i¼1
6BiðxÞBn1iðxÞ
¼ 6BnðxÞ þ 36xBn1ðxÞ
þ
Xn2
i¼1
6BiðxÞ 6BniðxÞ  Bn1iðxÞ½ 
¼ 6BnðxÞ þ 36xBn1ðxÞ þ
Xn2
i¼1
6BiðxÞBnþ1iðxÞ
¼ 6BnðxÞB1ðxÞ þ 6Bn1ðxÞB2ðxÞ þ
Xn2
i¼1
6BiðxÞBnþ1iðxÞ
¼
Xn
i¼1
BiðxÞBnþ1iðxÞ:
This completes the proof. h
Observe that, (9) together with (10) yield the following
result. For n > 1
Xn1
i¼1
BiðxÞBniðxÞ ¼ 3ðn 1ÞxBnðxÞ  nBn1ðxÞ
2ð9x2  1Þ :
Notice that for x ¼ 1, the corresponding formula for balancing
numbers can be obtained. The following result is proved by
induction.
Theorem 4.4. For nP 1,
B0nþ1ðxÞ ¼
Xbn12 c
i¼0
6ðn 2iÞBn2i: ð11Þ
Proof. For n ¼ 1 is trivial, since B02ðxÞ¼
P0
i¼06ð1 iÞB1i¼ 6.
Assume that the formula is true for k6 n. Then
B0nðxÞ ¼
Xbn22 c
i¼0
6ðn 1 2iÞBn12i;
and
B0nþ1ðxÞ ¼
Xbn12 c
i¼0
6ðn 2iÞBn2i:
Differentiating the recurrence relation for balancing
polynomials Bnþ2ðxÞ ¼ 6xBnþ1ðxÞ  BnðxÞ and using the
hypothesis, (11) is easily verified for nþ 1 after some algebraic
manipulation. h
The following is an interesting relation between the balanc-
ing polynomials and their derivatives.
Theorem 4.5. For any natural number n;BnðxÞ ¼
1
6n B
0
nþ1ðxÞ  B0n1ðxÞ
 
.rs, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.01.014
The properties of k-balancing numbers 7Proof. Using the identity (4), and by usual properties for
combinations,
Bnþ1ðxÞ  Bn1ðxÞ ¼
Xbn2c
i¼0
ð1Þi n i
i
 !
ð6xÞn2i

Xbn22 c
i¼0
ð1Þi n 2 i
i
 !
ð6xÞn22i
¼ ð6xÞn þ
Xbn2c
i¼1
ð1Þi n i
i
 !
ð6xÞn2i

Xbn2c
i¼1
ð1Þi1 n 1 i
i 1
 !
ð6xÞn2i
¼ ð6xÞn þ
Xbn2c
i¼1
ð1Þi

n i
i
 !
þ
n 1 i
i 1
 !" #
ð6xÞn2i
¼ ð6xÞn þ n
Xbn2c
i¼1
ð1Þi n 1 i
i 1
 !
1
i
ð6xÞn2i:
Differentiating the above equation with respect to x, we get
B0nþ1ðxÞ B0n1ðxÞ ¼ 6nð6xÞn1
þ 6n
Xbn2c
i¼1
ð1Þi n 1 i
i 1
 
n 2i
i
ð6xÞn12i:
It follows that,
B0nþ1ðxÞB0n1ðxÞ
6n
¼
Xbn12 c
i¼0
ð1Þi1 n1 i
i1
 
ð6xÞn12i¼BnðxÞ;
which ends the proof. h
Differentiating (3) r times, the recurrence relation for
derivative sequences can be obtained as follows.
B
ðrÞ
nþ1ðxÞ ¼
0; if n < r;
6rr!; if n ¼ r;
1
nr 6nxB
ðrÞ
n ðxÞ  ðnþ rÞBðrÞn1ðxÞ
h i
; if n > r:
8><
>>:
At the end of the section, we present a result for integral of
balancing polynomials which is an immediate consequence of
Theorem 4.5.
Proposition 4.6. If BnðxÞ is the nth balancing polynomial, then
Z x
0
BnðxÞdx ¼ 1
6n
Bnþ1ðxÞ  Bn1ðxÞ  Bnþ1ð0Þ þ Bn1ð0Þ½ :
It can be observed that, if n is even, Bnþ1ð0Þ ¼ Bn1ð0Þ ¼ 1
and therefore
Z x
0
BnðxÞdx ¼ 1
6n
Bnþ1ðxÞ  Bn1ðxÞ  2½ :
Further, if n is odd, Bnþ1ð0Þ ¼ Bn1ð0Þ ¼ 0 and in this case,Z x
0
BnðxÞdx ¼ 1
6n
Bnþ1ðxÞ  Bn1ðxÞ½ :Please cite this article in press as: Ray PK, On the properties of k-balancing numbe5. An application of balancing polynomials in cryptography
Matrices can be used to represent balancing polynomials.
Consider a 2 2 matrix Q2ðxÞ whose entries are the first three
balancing polynomials 0; 1 and 6x. That is,
Q2ðxÞ ¼
6x 1
1 0
 
:
For any x, we observe that the determinant of
Q2ðxÞ; detQ2ðxÞ ¼ 1. Using method of induction and by the
recurrence relation for balancing polynomials, one can easily
obtain the nth power of Q2ðxÞ as
Qn2ðxÞ ¼
Bnþ1ðxÞ BnðxÞ
BnðxÞ Bn1ðxÞ
 
:
The determinant of Qn2ðxÞ leads to the Cassini formula for bal-
ancing polynomial B2nðxÞ  Bn1ðxÞBnþ1ðxÞ ¼ 1.
To develop a balancing polynomials based coding algo-
rithm, we need to extend the matrix Q2ðxÞ to a mm matrix
QmðxÞ whose recursive expression is given by
QmðxÞ ¼
6x 1 0 0 . . . 0
0 6x 1 0 . . . 0
..
. ..
. ..
. ..
.
. . . ..
.
0 0 0 . . . 1 0
0
BBBB@
1
CCCCA
mm
:
For example if m ¼ 4, Q4ðxÞ ¼
6x 1 0 0
0 6x 1 0
0 0 6x 1
0 0 1 0
0
BB@
1
CCA. We
observe that the determinant of QmðxÞ;detðQmðxÞÞ¼ð6xÞm2.
To use the balancing polynomials based coding algorithm,
the initial message should be represented in the form of a
square matrix M of order m referred to as a message matrix.
As an example, let for m ¼ 3, the message matrix be M33
and the balancing polynomial matrix be Q23ðxÞ. Then the
encoding matrix E can be obtained as follows.
E ¼ Q23ðxÞM33 ¼
36x2 12x 1
0 36x2 þ 1 6x
0 6x 1
0
B@
1
CA
m1 m2 m3
m4 m5 m6
m7 m8 m9
0
B@
1
CA
¼
e1 e2 e3
e4 e5 e6
e7 e8 e9
0
B@
1
CA:
The entries e1; e2; . . . ; e9 of E can be sent in order followed by
the determinant value of M through the channel separately.
Indeed, the multiplication of E and Q23 ðxÞ gives the original
matrix M33, provided that the received transmitted sequence
is error free. That is,
M ¼ Q23 ðxÞE33 ¼
1
36x2
1
6x
1 1
36x2
0 1 6x
0 6x 1þ 36x2
0
B@
1
CA
e1 e2 e3
e4 e5 e6
e7 e8 e9
0
B@
1
CA
¼
m1 m2 m3
m4 m5 m6
m7 m8 m9
0
B@
1
CA:rs, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.01.014
8 P.K. RayWhile transmission, errors may occur due to channel noise on
the elements of the code matrix E. Further research required to
detect and correct these errors.
6. Conclusion
The generalized k-balancing sequences have been considered
and studied many of their properties. Further, the balancing
polynomials that are the natural extension of k-balancing
numbers are defined and established many of their properties.
As matrices can also be used to represent balancing polynomi-
als, a balancing polynomial matrix QmðxÞ of order m has
formed. As an application of these polynomials, a balancing
polynomial based coding algorithm has also been developed.
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